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Abstract. The inclusive K+ meson production in proton–nucleus collisions in the near threshold and sub-
threshold energy regimes is analyzed with respect to the one–step (pN → K+Y N , Y = Λ,Σ) and two–step
(pN → NNπ,NN2π; πN → K+Y ) incoherent production processes on the basis of an appropriate new
folding model, which takes properly into account the struck target nucleon removal energy and momentum
distribution (nucleon spectral function), extracted from recent quasielastic electron scattering experiments
and from many–body calculations with realistic models of the NN interaction. Comparison of the model
calculations of the K+ total and double differential cross sections for the reaction p+C12 with the existing
experimental data is given, illustrating both the relative role of the primary and secondary production
channels at considered incident energies and those features of the cross sections which are sensitive to
the high momentum and high removal energy part of the nucleon spectral function that is governed by
nucleon–nucleon short–range and tensor correlations. It is found that the in–medium modifications of the
available for pion and kaon production invariant energies squared due to the respective optical potentials
are needed to account for considered experimental data.

PACS. 25.40.-k Nucleon induced reactions

Introduction

An extensive investigations of the production of K+ mes-
ons in proton–nucleus reactions [1–9] at incident energies
lower than the free nucleon-nucleon threshold have been
carried out in the last years. The study of inclusive and
exclusive subthreshold K+ production in pA interactions
is planned in the near future at the accelerators COSY–
Jülich [10] and CELSIUS [11]. Because of the highK+ pro-
duction threshold (1.58 GeV ) in the nucleon-nucleon colli-
sion and the rather weak K+ rescattering in the surround-
ing medium compared to the pions, etas, antiprotons and
antikaons, from these studies one hopes to extract infor-
mation about both the intrinsic properties of target nuclei
(such as Fermi motion, high momentum components of the
nuclear wave function, clusters of nucleons or quarks) and
reaction mechanism, in–medium properties of hadrons.
However, in spite of large efforts, subthreshold kaon pro-
duction in proton–nucleus reactions is still far from being
fully understood. Thus, measured total K+ production
cross sections [1] in the range of proton energies of 800–
1000 MeV were described in the framework of the respec-
tive folding models based on both the direct mechanism
[2,6] of K+ production (pN → K+ΛN) and on the two–
step mechanism [3–5] associated with the production of
kaons by intermediate pions (pN1 → πNN, πN2 → K+Λ)

using different parametrizations for internal nucleon mo-
mentum distribution [6, 12, 13]. The same experimental
data could be well explained also in the modified phase
space model [7]. In the above folding models only the in-
ternal nucleon momentum distribution has been used and
the off–shell propagation of the struck target nucleon has
been neglected or has been taken into account the most
crudely, but it could be significant in processes that are
limited by phase space such as the threshold heavy me-
son production. As is well known [13–21], the off–shell
behaviour of a bound nucleon is described by the nucleon
spectral function P (pt, E), which represents the probabil-
ity to find in the nucleus a nucleon with momentum pt and
removal (binding) energy E and contains all the informa-
tion on the structure of a target nucleus. The knowledge
of the spectral function P (pt, E) is needed for calcula-
tions of cross sections of various kinds of nuclear reac-
tions. In particular, it has been widely used earlier for
the analysis of inclusive and exclusive quasielastic elec-
tron scattering by nuclei [13–27]. It was found that even
at very high momentum and energy transfer in this scat-
tering, the target nucleus cannot be simply described as
a collection of A on–shell nucleons subject only to Fermi
motion, but the full nucleon momentum and binding en-
ergy distribution has to be considered. Only recently [8,
9, 28] the binding energy of the struck target nucleon
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has been properly taken into account in calculating the
subthreshold kaon production in pA collisions. Debowski
et al. [8] analyzed their own measured double differential
cross sections for the K+ production in p + C reactions
at 1.2, 1.5 and 2.5 GeV beam energies and in p + Pb
collisions at 1.2 and 1.5 GeV in the framework of the ad-
vanced binary collision model based on free elementary
cross sections for particle production and on the nucleon
spectral function taken from [20, 27]. It was shown that
at subthreshold incident energies the measured total [1]
and differential [8] K+ production cross sections are un-
derestimated significantly by calculations assuming only
first chance collisions. When secondary kaon production
processes have been taken into account, the results of cal-
culations for the double differential cross sections for K+

production from pC and pPb reactions are in much better
agreement with the experimental data. The same nucleon
spectral function has been employed by Sibirtsev et al. [9]
for the description of the measured [1] total cross sections
for K+ production from p+C collisions in the framework
of the two–step model. The claims have been advanced
in [9] that within the spectral function approach the two–
step production mechanism with an intermediate pion also
dominates at subthreshold energies as in the folding mod-
els [3–5], but the calculated total cross sections for K+

production are underestimated below about 920 MeV in
contrast to the folding model where a better description
of the experimental data is achieved as well as the con-
tribution to the calculated total cross sections from the
high momentum and high removal energy part (correlated
part) of the nucleon spectral function is small compared
to that calculated with the single–particle (uncorrelated)
part of the one. However, in order to fully clarify the role
played by nucleon–nucleon correlations induced by realis-
tic interactions in the subthreshold kaon production in pA
collisions as well as to get a deeper insight into the relative
role of the primary and secondary reaction channels, it is
obviously necessary to properly analyze within the same
approach, based on nucleon spectral function, the exist-
ing experimental data both on total [1] and differential [8]
kaon production cross sections.

In this study we have performed such analysis of the
total and differential K+ production cross sections from
pC reactions in the near threshold and subthreshold en-
ergy regimes using the appropriate new folding model for
primary and secondary production processes, which takes
into account the struck target nucleon removal energy and
momentum distribution. Some preliminary results of this
study have been reported in [28].

1 Direct K+ production processes

1.1 Kaon production cross section

Apart from participation in the elastic scattering an inci-
dent proton can produce aK+ directly in the first inelastic
pN collision due to nucleon Fermi motion. Since we are in-
terested in a few GeV region (up to 2.5 GeV ), we have

taken into account [29] the following elementary processes
which have the lowest free production thresholds:

p+N → K+ + Λ+N, (1)

p+N → K+ +Σ +N. (2)

Because the kaon final–state interactions (propagation in
the mean–field potential and kaon–nucleon elastic scat-
tering) modify the kaon momentum spectrum mainly at
large laboratory angles (> 450) [30–34] and since we have
an intention to calculate the kaon spectrum at an angle
of 400, where the cross section is measured [8], we will
neglect the kaon final–state interactions in the present
study1. Moreover, since the kaon production thresholds
in the medium for the elementary processes under consid-
eration are not affected by medium effects [37], we will
also ignore the medium modification of hadron masses in
the present work. Then we can represent the invariant in-
clusive cross section of K+ production on nuclei by the
initial proton with momentum p0 as follows [13, 23, 38]:

EK+

dσ
(prim)
pA→K+X(p0)

dpK+
= IV [A]×{〈

EK+
dσpN→K+ΛN (p0,pK+)

dpK+

〉
+
〈
EK+

dσpN→K+ΣN (p0,pK+)
dpK+

〉}
, (3)

where

IV [A] = A

∫
ρ(r)dr exp [−µ(p0)

0∫
−∞

ρ(r + xΩ0)dx], (4)

µ(p0) = σinpp(p0)Z + σinpn(p0)N ; (5)

〈
EK+

dσpN→K+Y N (p0,pK+)
dpK+

〉
=
∫ ∫

P (pt, E)dptdE×

×
[
EK+

dσpN→K+Y N (
√
s,pK+)

dpK+

]
. (6)

Here, EK+dσpN→K+Y N (
√
s,pK+)/dpK+ are the free in-

variant inclusive cross sections for K+ production in re-
actions (1), (2); ρ(r) and P (pt, E) are the density and
nucleon spectral function normalized to unity; pt and E
are the internal momentum and removal energy of the
struck target nucleon just before the collision; σinpN (p0) is

1 This is allowed in calculating the total kaon yield as kaons
cannot be absorbed in nuclear medium due to the strangeness
conservation. It should be, however, pointed out that current
calculations based on such theoretical approaches as the ef-
fective chiral Lagrangian, the Nambu–Jona–Lasinio model and
the impulse approximation with the KN scattering length give
essentially different predictions for the kaon potential in a nu-
clear medium [35, 36]. The study of kaon production in proton–
nucleus collisions at large laboratory angles as one may hope
to shed light on the kaon potential in nuclear matter
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Table 1. Parameters in the approximation of the partial cross sections for the production of K+ mesons in pp–collisions

Reaction AY ,µb ·GeV −2 BY , GeV −2 CY ,µb ·GeV −2 sth,GeV
2

p+ p → K+ + Λ+ p 122.943 2.015 77750. 6.490
p+ p → K+ +Σ +N 104.026 1.006 0. 6.880

the inelastic cross section of free pN interaction; Z and
N are the numbers of protons and neutrons in the target
nucleus (A=N+Z); Ω0 = p0/p0; pK+ and EK+ are the
momentum and total energy of a K+ meson, respectively;
EK+ =

√
p2
K+ +m2

K (mK is the rest mass of a kaon in
free space); s is the pN center–of–mass energy squared.
The expression for s is:

s = (E0 + Et)2 − (p0 + pt)2, (7)

where E0 and Et are the projectile’s total energy, given
by E0 =

√
p2
0 +m2

N (mN is the rest mass of a nucleon),
and the struck target nucleon total energy, respectively.
Taking into account the recoil and excitation energies of
the residual (A− 1) system, one has [23]:

Et = MA −
√

(−pt)2 + (MA −mN + E)2, (8)

where MA is the mass of the initial target nucleus. It is
easily seen that in this case the struck target nucleon is
off–shell. In (3) it is assumed that the K+ meson pro-
duction cross sections in pp– and pn–interactions are the
same [8, 29] as well as it is disregarded any difference be-
tween the proton and the neutron spectral functions [18].
In our approach the invariant inclusive cross sections for
K+ production in the elementary processes (1), (2) have
been described by the three–body phase space calculations
normalized to the corresponding total cross sections [29]:

EK+
dσpN→K+Y N (

√
s,pK+)

dpK+

=
π

4
σpN→K+Y N (

√
s)

I3(s,mK ,mY ,mN )
λ(sY N ,m2

Y ,m
2
N )

sY N
, (9)

I3(s,mK ,mY ,mN ) (10)

= (
π

2
)2

(
√
s−mK)2∫

(mY +mN )2

λ(sY N ,m2
Y ,m

2
N )

sY N

λ(s, sY N ,m2
K)

s
dsY N ,

λ(x, y, z) =
√[

x− (
√
y +
√
z)2
][
x− (

√
y −
√
z)2
]
, (11)

sY N = s+m2
K − 2(E0 +Et)EK+ + 2(p0 + pt)pK+ . (12)

Here, σpN→K+Y N are the total cross sections for K+ pro-
duction in reactions (1), (2); mY is the mass in free space
of a Y hyperon (Λ or Σ). For the total cross sections
σpN→K+Y N we have used the parametrization suggested
in [29] that has been corrected2 for the new data point for

2 It is interesting to note that such correction, as showed our
calculations, leads to increase of the respective kaon production
cross sections in pA collisions only by several percents at the
kinetic energy ε0 of a primary proton in lab system ε0 ≥ 1 GeV

Fig. 1. The total cross section for pp → K+Λp reaction as a
function of s− sth with s being the pp center–of–mass energy
squared and sth = 6.490 GeV 2. The notations: see text

pp→ K+Λp reaction from COSY [39] at beam momentum
of 2.345 GeV/c, viz.:

σpp→K+Y N (
√
s) =

AY (s− sth)2
4m2

p +BY (s− sth)2
+

+ CY (s− sth)2[0.5− (s− sth)/GeV 2]8.83

× Θ[0.5− (s− sth)/GeV 2]/(4m2
p), (13)

where Θ(x) = (x + |x|)/2|x| and the constants AY , BY ,
CY and sth are given in Table 1. The comparison of the
results of our calculations by (13) (long–dashed line) with
the experimental data (dots) for pp → K+Λp reaction
is shown in Figure 1. In this Figure we also show the
predictions from widely used in pA and AA simulations
linear parametrization [40] (short–dashed line) and quar-
tic parametrization [41] (dot–dashed line) corrected for
the isospin invariance of the strong interaction, which are
given, respectively, by:

σlinear = 24
∗
pmax
mK

[µb], σquartic =
2
3
800

[ ∗
pmax

GeV/c

]4

[µb],

(14)
where

∗
pmax=

1
2
√
s
λ(s, (mN +mΛ)2,m2

K). (15)
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The results from the boson exchange model [6] (squares),
taking into account the one–pion and one–kaon exchange
diagrams, as well as their parametrization (solid line) by
the expression [6]

σpp→K+Λp(
√
s) = 732.16(1− sth/s)1.8(sth/s)1.5[µb] (16)

are shown also in Fig. 1. It is seen that our parametrization
(13) is close to the results from the boson exchange model
at different energies, and is considerably smaller at low
energies (in the vicinity of the lowest experimental point
from COSY at s − sth = 0.0105 GeV 2) than the linear
parametrization and larger than the quartic parametriza-
tion. Therefore, the use of the linear parametrization for
the analysis of subthreshold kaon production in proton–
nucleus and nucleus–nucleus interactions apparently over-
estimates the contribution from nucleon–nucleon collisions.

Consider now the integral (4) which represents the
effective number of nucleons for the pN → K+Y N re-
action on nuclei. A simpler expression can be given [38]
for IV [A] in the case of Gaussian nuclear density (ρ(r) =
(b/π)3/2 exp (−br2), b = 0.248 fm−2 for C12):

IV [A] =
A

xG

1∫
0

dt

t
(1− e−xGt), xG = µ(p0)b/π. (17)

Numerical calculations, carried out in accordance with the
formulas (5), (17) with taking into account that σinpN ≈ 30
mb [29] in the proton energy range of interest, show that
for C12 target nucleus the effective number of nucleons is
equal to 6.9. It should be noted that this value of the effec-
tive number of nucleons agrees well with the scaling factor
of 7 used in [8] for the number of first chance proton–
nucleon collisions in the case of C12 target nucleus.

1.2 Nucleon spectral function and internal nucleon
momentum distribution

The nucleon spectral function, P (pt, E), is a crucial point
in the evaluation of the subthreshold production of any
particles on a nuclear target. When ground–state NN cor-
relations, which are generated by the short range and ten-
sor parts of realistic NN interaction, are considered, the
spectral function P (pt, E) can be represented in the fol-
lowing form [16–21]:

P (pt, E) = P0(pt, E) + P1(pt, E), (18)

where P0 includes the ground and one–hole states of the
residual (A−1) nucleon system and P1 more complex con-
figurations (mainly 1p–2h states) that arise from 2p–2h
excited states generated in the ground state of the target
nucleus by NN correlations. Before considering the spe-
cific expressions for functions P0 and P1, let us recall sev-
eral important quantities which are related to the nucleon
spectral function, namely [16, 21]: the internal nucleon
momentum distribution

n(pt) =
∫
P (pt, E)dE (19)

=
∫
P0(pt, E)dE +

∫
P1(pt, E)dE

= n0(pt) + n1(pt),

the mean nucleon kinetic energy

< T >=
∫ ∫

p2
t

2mN
P (pt, E)dptdE =

∫
p2
t

2mN
n(pt)dpt,

(20)
and the mean nucleon removal energy

< E >=
∫ ∫

EP (pt, E)dptdE. (21)

The last two quantities are related to the total binding
energy per nucleon εA by the following energy sum rule
(the Koltun sum rule [42]):

εA =
1
2

(
A− 2
A− 1

< T > − < E >

)
, (22)

if the nuclear hamiltonian contains only two–body den-
sity independent forces. The quantities εA and n(pt) have
been calculated [16, 17, 21, 43] for different nuclear sys-
tems ranging from light nuclei to infinite nuclear matter
within the framework of many–body approaches with re-
alistic NN interactions, so that the theoretical values of
< T > and < E > for various nuclei are known presently
[16, 21].

Disregarding the finite width of the states below the
Fermi level3, the spectral function P0(pt, E) can be rep-
resented in the following form [16–19, 21]:

P0(pt, E) =
1
A

∑
α

Aαnα(pt)δ(E − |εα|), (23)

where nα(pt) is the nucleon momentum distribution of the
single–particle state α having energy εα and number of nu-
cleons Aα (

∑
αAα = A), the sum over α runs only over

the states below the Fermi sea. In the absence of NN cor-
relations (within the mean–field approximation) function
P1(pt, E) = 0, momentum distribution nα(pt) reduces to
the mean–field momentum distribution n(MF )

α (pt) and the
mean–field nucleon spectral function is recovered [16–21],
viz.:

P
(MF )
0 (pt, E) =

1
A

∑
α

Aαn
(MF )
α (pt)δ(E − |εα|). (24)

The normalization (spectroscopic factors or occupation
probabilities) of n(MF )

α (pt) and nα(pt) are different, namely:

S(MF )
α =

∫
n(MF )
α (pt)dpt = 1, (25)

Sα =
∫
nα(pt)dpt < 1.

3 Such approximation is allowed in calculating the inclusive
cross sections [18] we are interested in
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Thus, the NN correlations deplete (20± 5%, [16, 17, 21,
26, 44], i.e. Sα = S0 = 0.8) states below the Fermi sea and
populate states outside the Fermi sea. Therefore, the fol-
lowing normalizations for the spectral functions P0(pt, E)
and P1(pt, E) as well as for the momentum distributions
n0(pt) and n1(pt) hold:∫ ∫

P0(pt, E)dptdE =
∫
n0(pt)dpt = S0 = 0.8, (26)∫ ∫

P1(pt, E)dptdE =
∫
n1(pt)dpt = S1 (27)

= 1− S0 = 0.2.

For K+ production calculations in the case of C12 target
nucleus reported here, taking into account that the main
difference between nα(pt) and n

(MF )
α (pt) concerns their

normalization [16–18], we have employed for the single–
particle part P0(pt, E) of the nucleon spectral function
the following relation:

P0(pt, E) = S0P
(MF )
0 (pt, E) (28)

with P (MF )
0 (pt, E) being the harmonic oscillator spectral

function (see, e.g., [24]):

P
(MF )
0 (pt, E) =

4
A
n1s(pt)δ(E − |ε1s|) (29)

+
(
A− 4
A

)
n1p(pt)δ(E − |ε1p|)

in which the s– and p–shell nucleon momentum distribu-
tions n1s(pt) and n1p(pt) were taken from [38]:

n1s(pt) = (b0/π)3/2 exp (−b0p2
t ), (30)

n1p(pt) =
2
3
(b0/π)3/2b0p2

t exp (−b0p2
t )

(b0 = 68.5(GeV/c)−2) and binding energies of |ε1s| = 34
and |ε1p| = 16MeV [24] for the s and p shells, respectively,
were used. Within the representation (28), the single–
particle part n0(pt) of the nucleon momentum distribu-
tion becomes:

n0(pt) =
S0(b0/π)3/2

A/4

{
1 +

[
A− 4

6

]
b0p

2
t

}
exp (−b0p2

t ).

(31)
It is worth noting that the harmonic oscillator spectral
function (29) does not satisfy the energy sum rule (22).
So, from (20), (21) and (29) for C12 target nucleus one
gets:

< T >MF =
(

5A− 8
4A

)
1

mNb0
= 16.8 MeV,

< E >MF =
4
A
|ε1s|+

(
A− 4
A

)
|ε1p| = 22 MeV. (32)

If the calculated values of < T >MF and < E >MF are
placed in the Koltun sum rule (22), the value of εA =
−7.0 MeV for C12 nucleus [43] is not obtained.

Let us focus now on the correlated part P1(pt, E) of
the nucleon spectral function. Results of the many–body
calculations with realistic models of the NN interaction
in few–body systems, complex nuclei and nuclear matter
[16, 17, 19–23] as well as experimental data for nucleon
momentum distribution n(pt) =

∫
P (pt, E)dE obtained

by the y–scaling analysis [18] show that:

i) the momentum distribution n(pt) for pt > 2fm−1 is a
several orders of magnitude larger than the predictions
from mean–field calculations and, moreover, the high
momentum behaviour of n(pt) (at pt ≥ 2fm−1) is
similar for nuclei with mass number A ≥ 2;

ii) the behaviour of the nucleon spectral function at high
values of pt and E is almost entirely governed by P1(pt, E)
as well as there is a strong coupling between the high
momentum components and the high values of the re-
moval energy (E ∼ p2

t/2mN ) of a nucleon embedded
in the nuclear medium.

Starting from such observation and analyzing the per-
turbative expansion of the NN interaction and the mo-
mentum distribution for potentials decreasing at large val-
ues of pt as powers of pt, Frankfurt and Strikman have ar-
gued [45] that the structure of the nucleon spectral func-
tion at high values of nucleon momentum and removal en-
ergy should be generated mainly by the ground–state two–
nucleon configurations with large relative (≥ 1.5 fm−1),
but low (< 1.5 fm−1) center–of–mass momenta. Basing
on this assumption, the convolution model for the corre-
lated part P1(pt, E) of the nucleon spectral function in
the case of any value of the mass number A has been
proposed [19, 21] according to which function P1(pt, E)
is expressed as a convolution integral of the momentum
distributions describing the relative and center–of–mass
motions of a correlated NN pair embedded in the nuclear
medium. It was shown [19, 21] that this model satisfac-
torily reproduces the existing spectral functions of He3,
He4 and nuclear matter obtained by means of many–body
calculations with realistic models of the NN interaction.
An inspection of the convolution formula (53) from [21]
for the spectral function P1(pt, E) leads to the following
simple analytical expression for the P1(pt, E) proposed in
[17] (formula (7)):

P1(pt, E) = a1n1(pt)×

×exp
{
− 3[(A− 2)/(A− 1)]mN (33)

×
[√

E − Ethr −
√
E1(pt)− Ethr

]2
/< p2

cm >

}
,

where

a1 =
3[(A− 2)/(A− 1)]mN{

e−α
2
0 + α0

√
π [1 + erf(α0)]

}
< p2

cm >
, (34)

α0 =
pt

(< p2
cm >)1/2

√
3
2

(
A− 2
A− 1

)2 [
1−

(
A− 1
A− 2

)
γ

]
,

(35)
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Fig. 2. Momentum distribution for C12. The notations: see
text. The normalization of momentum distributions (denoted
by n(pt)) which correspond to the light and heavy solid lines,

dashed line with two dots and two dots line is
∞∫
0

n(pt)p
2
tdpt = 1

erf(x) =
2√
π

x∫
0

e−t
2
dt,

E1(pt) = Ethr +
(
A− 2
A− 1

)
p2
t

2mN

[
1−

(
A− 1
A− 2

)
γ

]
, (36)

γ =
< p2

cm >

< p2
rel >

.

Here, a1 is a proper normalization constant (such that
∞∫

Ethr

P1(pt, E)dE = n1(pt)); Ethr = MA−2 + 2mN −MA

is the two–particle break–up threshold (in the case of C12

target nucleus Ethr is equal to 25 MeV [24]); < p2
cm > and

< p2
rel > are the mean–square momenta associated to the

low and high momentum parts of the momentum distribu-
tion describing the center–of–mass motion of a correlated
NN pair and the momentum distribution describing the
relative motion of this pair, respectively. In our calcula-
tions of the K+ production cross sections on C12 target
nuclei we have used the values < p2

cm >= 1.5fm−2 and
< p2

rel >= 7.5fm−2 [19, 21]. The many–body momen-
tum distributions n1(pt) and n0(pt) for C12 have been
presented in [16, 17] (see also Fig. 2, dashed and dotted
lines, respectively). Taking into account the normalization
of n1(pt) given by (27), it can be parametrized as follows:

n1(pt) =
S1

(2π)3/2(1 + α1)
(37)

×
[

1
σ3

1

exp (−p2
t/2σ

2
1) +

α1

σ3
2

exp (−p2
t/2σ

2
2)
]
,

where σ2
1 = 0.162fm−2, σ2

2 = 2.50fm−2 and α1 = 2.78
(dot–dashed line in Figure 2). In this Figure our total nu-
cleon momentum distribution n(pt) = n0(pt) + n1(pt) in

C12 (light solid line) calculated by (31), (37) is compared
as well with that obtained using many–body calculations
with the Reid V6 interaction [16, 43] (heavy solid line) as
well as with the existing experimental data (squares) taken
from [18]. It is seen that our total nucleon momentum dis-
tribution fits well the many–body one4 as well as the ex-
perimental data. It can also be seen that at pt ≥ 2fm−1

the full momentum distribution is entirely exhausted by
n1(pt) and at pt < 2fm−1 it is almost totally determined
by n0(pt). In Fig. 2 we also show the nucleon momentum
distribution extracted in [2, 12] from quasielastic electron
scattering and high–energy proton backward scattering
(dashed line with two dots) as well as the one inferred in
[46] from the “old generation” of (e, e′p) and (γ, p) exper-
iments [13] (two dots line), which are given, respectively,
by the formula (37) with S1 = 1.0, σ1 = 100 MeV/c,
σ2 = 230 MeV/c, α1 = 0.06 and by:

n(pt) =
1
A/4

{
n1/2(pt) +

[
A− 4

4

]
n3/2(pt)

}
, (38)

where

n1/2(pt) = (πν)−3/2 exp (−p2
t/ν), (39)

n3/2(pt) = C1nHO(pt) + C2nexp(pt), (40)

nHO(pt) =
2
3
(πν)−3/2(p2

t/ν) exp (−p2
t/ν), (41)

nexp(pt) =
[

1
24π(p0

t )3

]
(pt/p0

t ) exp (−pt/p0
t ) (42)

and
√
ν = 127.0 MeV/c, p0

t = 55.0 MeV/c, C1 = 0.997,
C2 = 0.003. These nucleon momentum distributions are
widely used (see, e.g., [2, 4, 38]) in calculations of the
subthreshold particles production in proton–nucleus in-
teractions. One can see that the many–body momentum
distribution is substantially larger than the distributions
mentioned above at pt > 2fm−1. It should also be pointed
out that the full nucleon spectral function presented by
(18), (28) and (33), in particular, gives for the mean ki-
netic < T > and removal < E > energies the values of
37 and 46 MeV , respectively, which agree well with those
(< T >= 37 MeV and < E >= 49 MeV ) obtained from
many–body calculations [16].

Before closing this subsection, let us consider two ap-
proximated forms for the spectral function P1(pt, E), which
have been employed earlier in the calculations of inclusive
processes at high energy and momentum transfer [16, 17].
It is interesting to use these forms also in the calculations
of subthreshold kaon production in pA interactions. Equa-
tion (33) shows that if < p2

cm >→ 0, the spectral function
P1(pt, E) will have the following δ–function form [19, 21]:

P1(pt, E) = n1(pt)δ [E − E1(pt)] (43)

with

E1(pt) = Ethr +
(
A− 2
A− 1

)
p2
t

2mN
. (44)

4 It should be mentioned that our uncorrelated momentum
distribution n0(pt) given by (31) practically coincides with the
many–body one. Therefore, we did not show it in Fig. 2
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The model given by (43) and (44) is called the two–nucleon
correlation (2NC) model [19, 21]. The other model for
function P1(pt, E) is also δ–function model in which only
the mean value of the energy associated with the excited
configurations is taken into account, namely [16, 17]:

P1(pt, E) = n1(pt)δ
(
E − Ē1

)
, (45)

where Ē1 can easily be obtained from the definition of the
mean removal energy < E > and it is equal to 157 MeV
in the case of C12 target nucleus. The expressions (28),
(33), (43) and (45) for the respective spectral functions
were used in our calculations of K+ production in pC
collisions.

1.3 Direct K+ production processes: results and
discussion

The comparison of the results of our calculations by (3)–
(13), (17), (18), (28)–(30), (33)–(37) and (43)–(45) with
the experimental data [8] and calculations in the frame-
work of the first chance collision model [8] with the nucleon
spectral function taken from [20, 27] for the double differ-
ential cross sections for the production of K+ mesons at
an angle of 400 from primary channels (1), (2) in the in-
teraction of protons with energies of 1.2, 1.5 and 2.5 GeV
with C12 nuclei is given in Fig. 3. One can see that:

1) our results coming from the use of the total nucleon
spectral function P (pt, E) in simple form (18), (28)
and (33) are in reasonable agreement with the 2.5 GeV
data as well as with the calculations within the first
chance collision model [8] with elaborate spectral func-
tion [20, 27], based on the application of the local den-
sity approximation to the correlated part P1(pt, E);

2) the high momentum tail of the kaon spectrum at 2.5GeV
beam energy is entirely governed by P1(pt, E) and
what is more, the δ–function models (43) and (45) for
the spectral function P1(pt, E) yield in the high mo-
mentum part of the kaon spectrum essentially different
results with respect to the model (33) in which the en-
ergy dependence of P1(pt, E) is taken into account;

3) our model, along with the first chance collision model
[8], fails completely to reproduce the experimental data
at 1.2 and 1.5 GeV incident energies;

4) our results at these initial energies are about a factor
of 3–5 below those obtained within the first chance col-
lision model [8], this difference may be due to the dif-
ferent elementary kaon production cross sections and
different spectral functions employed in the work pre-
sented here and in approach [8];

5) the main contribution to the K+ production at 1.2
GeV beam energy comes from the use in the calcula-
tions only of the correlated part P1(pt, E) of the nu-
cleon spectral function, the cross sections calculated
with the spectral function (33) are sufficiently close
to those obtained with the spectral function in the δ–
function form (45)5.

5 The 2NC model (43) does not contribute to the K+ pro-
duction at all at this beam energy

Fig. 3. Double differential cross sections for the production
of K+ mesons at an angle of 400 in the interaction of pro-
tons with energies of 1.2, 1.5 and 2.5 GeV with C12 nuclei
as a functions of kaon momentum. The data points [8] corre-
spond from the top to the bottom 2.5, 1.5 and 1.2 GeV beam
energy, respectively. The heavy solid, dashed and dotted lines
are calculations within the first chance collision model [8] with
the nucleon spectral function taken from [20, 27] at 2.5, 1.5
and 1.2 GeV beam energies, respectively. The light solid and
dot–dashed lines represent our calculations by (3) for primary
production processes (1), (2) with the use of total nucleon spec-
tral function and its uncorrelated part, respectively, and corre-
spond from the top to the bottom 2.5, 1.5 and 1.2 GeV incident
energy. The three dots and two dots lines denote the same as
light solid line, but it is supposed that the correlated part of
the nucleon spectral function given by (33) is replaced by its
δ–function forms (43) and (45), respectively

Thus, the presented above results, both our and those
from [8], obtained using different nucleon spectral func-
tions show that the direct K+ production processes (1),
(2) play a minor role in subthreshold kaon production in
pA collisions and additional kaon production mechanisms
are needed to explain the data under consideration.

Let us consider now the two–stepK+ production mech-
anism.

2 Two–Step K+ production processes

2.1 Kaon production cross section

Kinematical considerations show that in the bombarding
energy range of our interest (≤ 2.5 GeV ) the following
two–step production processes may not only contribute to
the K+ production in pA interactions but even dominate
[1, 3–5, 8, 9] at subthreshold energies (≤ 1.5 GeV ). An
incident proton can produce in the first inelastic collision
with an intranuclear nucleon also a pion through the ele-
mentary reactions:

p+N1 → N +N + π, (46)

p+N1 → N +N + 2π. (47)
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Fig. 4. Maximum kinetic energy of a pion produced by a pro-
ton on a target nucleon at rest as a function of the kinetic
energy ε0 of a proton–solid line. Kinetic energy of a pion that
is needed for the production of a kaon on a target nucleon at
rest in reactions (48), (49) at the angles of 00–dashed lines with
one and two dots, respectively, and 400–long– and short–dashed
lines, respectively, as a function of the kaon momentum pK+ .
The arrows show the free thresholds for these reactions

We remind that the free threshold energies for these re-
actions respectively are 0.29 and 0.60 GeV . Then the in-
termediate pion, which is assumed to be on–shell, pro-
duces the kaon on a nucleon of the target nucleus via the
elementary subprocesses with the lowest free production
thresholds (respectively, 0.76 and 0.89 GeV ):

π +N2 → K+ + Λ, (48)

π +N2 → K+ +Σ, (49)

provided that these subprocesses are energetically possi-
ble. So, in Fig. 4 we show the maximum kinetic energy
εmaxπ of a pion produced by a proton on a target nucleon
at rest as a function of the kinetic energy ε0 (lower axis) of
a proton as well as the kinetic energy επ of a pion which is
needed for the production of a kaon on a target nucleon at
rest at the angles of 00 and 400 in the laboratory frame in
reactions (48), (49) as a function of the momentum pK+

(upper axis) of a kaon. The quantities εmaxπ and επ were
calculated according to the following expressions:

εmaxπ =
√

(pmaxπ )2 +m2
π −mπ,

pmaxπ =
[
βp0 + (E0 +mN )

√
β2 − 4m2

πs
]
/(2s), (50)

β = s+m2
π − 4m2

N ,

s = (E0 +mN )2 − p2
0 = 2mN (ε0 + 2mN );

επ =
β1(mN−EK+)−pK+ | cosϑK+ |

√
β2

1−4m2
π s̃

2s̃
−mπ, (51)

s̃ = (mN − EK+)2 − p2
K+ cos2 ϑK+ ,

β1 = m2
Y −m2

N −m2
K −m2

π + 2mNEK+ .

Here, mπ is the rest mass of a pion, cosϑK+ = p0pK+/
p0pK+ . It is seen, for instance, that at ε0 = 1.2 GeV ,
ϑK+ = 400, pK+ = 0.5 GeV/c the K+ production pro-
cesses (48), (49) can take place only if the target nu-
cleon carries a momentum inside the nucleus and at ε0 =
1.5 GeV there is a region of pion’s energy where the K+

production process (48) for the same values of ϑK+ and
pK+ as above occurs even if the intranuclear nucleon is at
rest.

In order to calculate the K+ production cross section
for pA reactions from the secondary pion induced reac-
tion channels (48) and (49), it is necessary to fold the
inclusive differential cross section for pion production in
the reactions (46), (47) (denoted by dσpN→πX/dpπ), cal-
culated for given internal momentum pt and removal en-
ergy E of the target nucleon N1, with the momentum–
energy–averaged inclusive invariant differential cross sec-
tion for K+ production in these channels (denoted by∫ ∫

P (p′t, E′)dp′tdE′[EK+dσπN→K+X/dpK+ ]) and with
the effective number of N1N2 pairs per unit of area (de-
noted via IV [A, σinpN (p0), σtotπN (pπ), ϑπ]), involved in the two–
step kaon production processes under consideration, and
then to average this result over pt and E, i.e. (see, also,
[38]):

EK+

dσ
(sec)
pA→K+X(p0)

dpK+
=

∑
i,j=0,1

EK+

dσ
(sec)
ij (p0)
dpK+

, (52)

where

EK+

dσ
(sec)
ij (p0)
dpK+

=
∑

π=π+,π0,π−

∫ ∫
Pi(pt, E)dptdE (53)

×
pmaxπ (pt,E)∫
pabsπ

p2
πdpπ

∫
4π

dΩπIV [A, σinpN (p0), σtotπN (pπ), ϑπ]

× dσpN→πX(
√
s,pπ)

dpπ

×
∫ ∫

Pj(p′t, E
′)dp′tdE

′
[
EK+

dσπN→K+X(
√
s1,pK+)

dpK+

]
and
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IV [A, σinpN (p0), σtotπN (pπ), ϑπ] (54)

= A2

∫ ∫
drdr1Θ(x‖)δ(2)(x⊥)ρ(r)ρ(r1)

× exp[−µ(p0)

0∫
−∞

ρ(r1 + x′Ω0)dx′

−µ(pπ)

x‖∫
0

ρ(r1 + x′Ωπ)dx′],

r− r1 = x‖Ωπ + x⊥,Ωπ=pπ/pπ, cosϑπ=Ω0Ωπ;(55)

µ(pπ) = (A/2)[σtotπp (pπ) + σtotπn(pπ)],

Θ(x‖) = (x‖ + |x‖|)/2|x‖|;

dσpN→πX(
√
s,pπ)

dpπ
=
Z

A

dσpp→πX(
√
s,pπ)

dpπ
(56)

+
N

A

dσpn→πX(
√
s,pπ)

dpπ
,

EK+
dσπN→K+X(

√
s1,pK+)

dpK+
(57)

=
Z

A
EK+

dσπp→K+X(
√
s1,pK+)

dpK+

+
N

A
EK+

dσπn→K+X(
√
s1,pK+)

dpK+
;

s1 = (Eπ + E
′

t)
2 − (pπ + p′t)

2, (58)

E
′

t=


MA−Et for i = 0,
−
√

(−pt−p′t)2+(MA−2mN+E+E′)2 j = 0, 1

MA−2−
√

(−p′t)2+(MA−2−mN+E′)2 for i = 1,
j = 0, 1

;

(59)

pmaxπ (pt, E) (60)

=
[
β|p0 + pt|+ (E0 + Et)

√
β2 − 4m2

πs
]
/(2s).

Here, dσpp→πX/dpπ (dσpn→πX/dpπ) is the free inclusive
differential cross section for pion production in pp (pn)
collisions through the elementary reactions (46), (47);
EK+dσπp→K+X/dpK+ (EK+dσπn→K+X/dpK+) is the free
inclusive invariant differential cross section for K+ pro-
duction in πp (πn) collisions via the subprocesses (48),
(49); σtotπN (pπ) is the total cross section of the free πN in-
teraction; pπ and Eπ are the momentum and total energy
of a pion; pabsπ is the absolute threshold momentum for
kaon production on the residual nucleus by an intermedi-
ate pion6. The quantities µ(p0), s and β are defined above
by the (5), (7) and (50), respectively.

6 Calculations show that pabsπ ≈ 0.69 GeV/c and pabsπ ≈
0.77 GeV/c for the production of K+Λ and K+Σ systems,
respectively

In our method the differential cross sections dσpp→πX/
dpπ and dσpn→πX/dpπ for pion production in pp and pn
collisions have been described by the three– and four–body
phase space calculations normalized to the respective total
cross sections. According to (9) and [29], one has:

Eπ+
dσpp→π+X(

√
s,pπ+)

dpπ+
= σpp→pnπ+(

√
s)f3(s,pπ+)

+
[
σpp→ppπ+π−(

√
s) + σpp→pnπ+π0(

√
s)

+ 2σpp→nnπ+π+(
√
s)
]
× f4(s,pπ+), (61)

Eπ0
dσpp→π0X(

√
s,pπ0)

dpπ0
= σpp→ppπ0(

√
s)f3(s,pπ0) (62)

+
[
σpp→pnπ+π0(

√
s) + 2σpp→ppπ0π0(

√
s)
]
f4(s,pπ0),

Eπ−
dσpp→π−X(

√
s,pπ−)

dpπ−
= σpp→ppπ+π−(

√
s) (63)

× f4(s,pπ−);

Eπ+
dσpn→π+X(

√
s,pπ+)

dpπ+
=σpn→nnπ+(

√
s)f3(s,pπ+) (64)

+
[
σpn→pnπ+π−(

√
s) + σpn→nnπ+π0(

√
s)
]
f4(s,pπ+),

Eπ0
dσpn→π0X(

√
s,pπ0)

dpπ0
= σpn→pnπ0(

√
s)f3(s,pπ0)(65)

+
[
σpn→nnπ+π0(

√
s) + σpn→ppπ−π0(

√
s)

+ 2σpn→pnπ0π0(
√
s)
]
× f4(s,pπ0),

Eπ−
dσpn→π−X(

√
s,pπ−)

dpπ−
= Eπ+

dσpn→π+X(
√
s,pπ+)

dpπ+
;

(66)
where

f3(s,pπ) =
π

4I3(s,mπ,mN ,mN )
λ(sNN ,m2

N ,m
2
N )

sNN
, (67)

sNN = s+m2
π − 2(E0 + Et)Eπ + 2(p0 + pt)pπ (68)

and

f4(s,pπ) (69)
= I3(sNNπ,mπ,mN ,mN )/ [2I4(s,mπ,mπ,mN ,mN )] ,

I4(s,mπ,mπ,mN ,mN ) (70)

=
π

2

(
√
s−2mπ)2∫
4m2

N

λ(sNN ,m2
N ,m

2
N )

sNN
×

× I3(s,mπ,
√
sNN ,mπ)dsNN ,

sNNπ = s+m2
π − 2(E0 + Et)Eπ + 2(p0 + pt)pπ. (71)
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For the total cross sections σpN→NNπ and σpN→NN2π en-
tering into the Eqs. (61)–(65) we used the parametrization
suggested in [47]:

σk =

0 for ε0 ≤ ε(k)thr

|F k(x)|2 for ε0 > ε
(k)
thr,

(72)

where

F k(x) =
∞∑
n=0

aknL
2
n(x), x = ln(ε0/ε

(k)
thr). (73)

Here, the expansion functions L2
n(x) are Laguerre polyno-

mials and ε
(k)
thr is the threshold energy for the considered

reaction k. The parameters akn in (73) were adjusted to
the available experimental data and are given in [47]7.

Taking into account the two–body kinematics of the
elementary processes (48), (49), we can readily get the fol-
lowing expression for the Lorentz invariant inclusive cross
sections for these processes:

EK+
dσπN→K+Y (

√
s1,pK+)

dpK+
(74)

=
π

I2(s1,mY ,mK)
dσπN→K+Y (s1)

d
∗
Ω

× 1
(ω + E

′
t)
δ

[
ω + E

′

t −
√
m2
Y + (Q + p′t)2

]
,

I2(s1,mY ,mK) =
π

2
λ(s1,m2

Y ,m
2
K)

s1
, (75)

ω = Eπ −EK+ , Q = pπ − pK+ , Eπ =
√
p2
π +m2

π. (76)

Here, dσπN→K+Y (s1)/d
∗
Ω are the K+ differential cross

sections in the πN center–of–mass system. According to
Cugnon et al. [48], we choose theK+ angular distributions
in the following forms:

dσπ+n→K+Λ(s1)

d
∗
Ω

= [1 +A1(
√
s1) cos

∗
ϑK+ ] (77)

× σπ+n→K+Λ(
√
s1)

4π
,

dσπ0p→K+Λ(s1)

d
∗
Ω

=
1
2
dσπ+n→K+Λ(s1)

d
∗
Ω

, (78)

dσπN→K+Σ(s1)

d
∗
Ω

= [1+ | cos
∗
ϑK+ |]σπN→K+Σ(

√
s1)

6π
. (79)

7 We used in calculations the following correct values of these
parameters obtained by us for the pp → pnπ+, pp → pnπ+π0

and pn → pnπ+π− reactions: app→pnπ
+

n = {−2.3535, 3.9869,
−6.8338, −4.3856, 6.2068, 7.3596, −4.0343, −7.2470, −2.3034,

11.9020, −5.3132}, app→pnπ+π0

n = {11.3270, −6.9858, −2.9822,

2.8256}, apn→pnπ+π−
n = {−8.5595, 9.4735, −8.3943, 3.1530}

The parameter A1 and the total cross section σπ+n→K+Λ

of reaction π+n→ K+Λ can be parametrized by [48]:

A1(
√
s1) (80)

=

{
5.26

(√
s1−
√
s0

GeV

)
for
√
s0 <

√
s1 ≤ 1.8 GeV

1 for
√
s1 > 1.8 GeV,

σπ+n→K+Λ(
√
s1) (81)

=


10.0

(√
s1−
√
s0

GeV

)
[mb] for

√
s0 <

√
s1 ≤ 1.7 GeV

0.09
(

GeV√
s1−1.6GeV

)
[mb] for

√
s1 > 1.7 GeV,

where
√
s0 = mK + mΛ = 1.61 GeV is the threshold

energy. For the total cross sections σπN→K+Σ(
√
s1) we

have used the following parametrization suggested in [49]
on a basis of the resonance–model calculations:

σπN→K+Σ(
√
s1) =

2∑
n=1

dn(
√
s1 −

√
s̃0)fn

(
√
s1 − cn)2 + bn

, (82)

where
√
s̃0 = mK + mΣ = 1.688 GeV is the threshold

energy and the constants dn, bn, cn and fn are given in
Table 2. Within the representation (74), the inclusive in-
variant differential cross sections EK+dσπp→K+X/dpK+

and EK+dσπn→K+X/dpK+ for kaon production in πp and
πn interactions appearing in the Eq. (57) can be written
in the following forms:

EK+
dσπ+p→K+X(

√
s1,pK+)

dpK+
(83)

= EK+
dσπ+p→K+Σ+(

√
s1,pK+)

dpK+
,

EK+
dσπ+n→K+X(

√
s1,pK+)

dpK+

= EK+
dσπ+n→K+Λ(

√
s1,pK+)

dpK+

+EK+
dσπ+n→K+Σ0(

√
s1,pK+)

dpK+
;

EK+
dσπ0p→K+X(

√
s1,pK+)

dpK+
(84)

= EK+
dσπ0p→K+Λ(

√
s1,pK+)

dpK+

+EK+
dσπ0p→K+Σ0(

√
s1,pK+)

dpK+
,

EK+
dσπ0n→K+X(

√
s1,pK+)

dpK+

= EK+
dσπ0n→K+Σ−(

√
s1,pK+)

dpK+
;

EK+
dσπ−p→K+X(

√
s1,pK+)

dpK+

= EK+
dσπ−p→K+Σ−(

√
s1,pK+)

dpK+
,
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Table 2. Parameters in the approximation of the partial cross sections for the production of K+ mesons in πN–collisions

Reaction n dn,mb fn cn,GeV bn,GeV 2

π+ + p → K+ +Σ+ 1 0.03591 0.9541 1.890 0.01548
π+ + p → K+ +Σ+ 2 0.1594 0.01056 3.000 0.9412
π+ + n → K+ +Σ0 1 0.05014 1.2878 1.730 0.006455
π+ + n → K+ +Σ0 2 — — — —
π0 + n → K+ +Σ− 1 0.05014 1.2878 1.730 0.006455
π0 + n → K+ +Σ− 2 — — — —
π0 + p → K+ +Σ0 1 0.003978 0.5848 1.740 0.006670
π0 + p → K+ +Σ0 2 0.04709 2.1650 1.905 0.006358
π− + p → K+ +Σ− 1 0.009803 0.6021 1.742 0.006583
π− + p → K+ +Σ− 2 0.006521 1.4728 1.940 0.006248

EK+
dσπ−n→K+X(

√
s1,pK+)

dpK+
= 0. (85)

Let us now simplify the expression (53) for the invari-
ant differential cross section for K+ production in pA in-
teractions from the two–step processes. Taking into ac-
count that the main contribution to the K+ production
comes from fast pions moving in the beam direction and
that the πN total cross section σtotπN in the energy region
of interest is approximately constant with a magnitude of
< σtotπN >≈ 35 mb [50], we have:

EK+

dσ
(sec)
ij (p0)
dpK+

= IV [A, σinpN (p0), < σtotπN >, 00] (86)

×
∑

π=π+,π0,π−

∫ ∫
Pi(pt, E)dptdE

×
pmaxπ (pt,E)∫
pabsπ

dpπ
dσpN→πX(

√
s, pπ)

dpπ

×
∫ ∫

Pj(p′t, E
′)dp′tdE

′

×
[
EK+

dσπN→K+X(
√
s1,pK+)

dpK+

]
,

where

dσpN→πX(
√
s, pπ)/dpπ (87)

=
∫
4π

dΩπd
2σpN→πX(

√
s,pπ)/dpπdΩπ

and according to (58)

s1 = (Eπ + E
′

t)
2 − (pπΩ0 + p′t)

2. (88)

Now let us perform an averaging of the πN → K+X in-
clusive invariant differential cross sections (57), (83)–(85)
over the Fermi motion of the nucleons in the nucleus us-
ing the properties of the Dirac δ–function. Taking into
consideration that the struck target nucleon total energy
E
′
t given by (59) can be approximately represented in the

form8

E
′

t ≈< Et
′ >= mN − E′ − Crec, (89)

in which the quantity Crec takes properly into account the
recoil energies of the residual nuclei in the two–step pro-
duction processes (Crec ≈ 2 MeV for j = 0 and Crec ≈
12 MeV for j = 1 in the case of initial C12 target nu-
cleus) as well as choosing the spherical coordinates in p′t
space with z axis parallel to Q (see, formulas (74)–(76))
and using the advantage of the spherical symmetry of the
spectral function Pj(p′t, E′) we get the following expres-
sion for the cross section (86) after the integration over the
angle between Q and p′t and a few other manipulations:

EK+

dσ
(sec)
ij (p0)
dpK+

= IV [A, σinpN (p0), < σtotπN >, 00] (90)

×
∑

π=π+,π0,π−

∫ ∫
Pi(pt, E)dptdE

×
pmaxπ (pt,E)∫
pabsπ

dpπ
dσpN→πX(

√
s, pπ)

dpπ

×
〈
EK+

dσπN→K+X(pπ,pK+)
dpK+

〉
j

,

where 〈
EK+

dσπN→K+X(pπ,pK+)
dpK+

〉
j

= (91)

=
Z

A

〈
EK+

dσπp→K+X(pπ,pK+)
dpK+

〉
j

+

+
N

A

〈
EK+

dσπn→K+X(pπ,pK+)
dpK+

〉
j

and 〈
EK+

dσπ+p→K+X(pπ,pK+)
dpK+

〉
j

=

=
〈
EK+

dσπ+p→K+Σ+(pπ,pK+)
dpK+

〉
j

,

8 Such approximation, as showed our calculations, has a mi-
nor effect on the respective cross sections
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〈
EK+

dσπ+n→K+X(pπ,pK+)
dpK+

〉
j

= (92)

=
〈
EK+

dσπ+n→K+Λ(pπ,pK+)
dpK+

〉
j

+

+
〈
EK+

dσπ+n→K+Σ0(pπ,pK+)
dpK+

〉
j

;

〈
EK+

dσπ0p→K+X(pπ,pK+)
dpK+

〉
j

= (93)

=
〈
EK+

dσπ0p→K+Λ(pπ,pK+)
dpK+

〉
j

+

+
〈
EK+

dσπ0p→K+Σ0(pπ,pK+)
dpK+

〉
j

,

〈
EK+

dσπ0n→K+X(pπ,pK+)
dpK+

〉
j

=

=
〈
EK+

dσπ0n→K+Σ−(pπ,pK+)
dpK+

〉
j

;

〈
EK+

dσπ−p→K+X(pπ,pK+)
dpK+

〉
j

=

=
〈
EK+

dσπ−p→K+Σ−(pπ,pK+)
dpK+

〉
j

,

〈
EK+

dσπ−n→K+X(pπ,pK+)
dpK+

〉
j

= 0. (94)

Here:〈
EK+

dσπN→K+Y (pπ,pK+)
dpK+

〉
j

=
∫∫

Pj(p′t, E
′)dp′tdE

′(95)

×
[
EK+

dσπN→K+Y (
√
s1,pK+)

dpK+

]

=
π

Q

∫
dE′

p+t (E′)∫
p−t (E′)

p
′

tdp
′

tPj(p
′

t, E
′)

×
2π∫
0

dϕ
′ 1
I2[s1(x0, ϕ

′ , E′),mY ,mK ]

×dσπN→K+Y [s1(x0, ϕ
′
, E
′
)]

d
∗
Ω

,

with

p±t (E′) = |Q±
√

(ω+ < E
′
t >)2 −m2

Y |, (96)

s1(x, ϕ′, E′) = (Eπ+ < E
′

t >)2 − p2
π − p

′

t

2
(97)

− 2pπp
′

t(cosϑQ · x+ sinϑQ ·
√

1− x2 cosϕ′),

x0 =
[
(ω+ < E

′

t >)2 −m2
Y −Q2 − p′t

2
]
/(2Qp

′

t), (98)

Q = |pπΩ0 − pK+ |, cosϑQ = Ω0Q/Q, (99)

sinϑQ =
√

1− cos2 ϑQ.

One can show that the expression for IV [A, σinpN (p0),
< σtotπN >, 00] in the case of a nucleus of a radius R =
1.3A1/3 fm with a sharp boundary has the following sim-
ple form [38]:

IV [A, σinpN (p0), < σtotπN >, 00] =
9A2

2πR2(a2 − a3)
(100)

×
{

1
a3
2

[1− (1 + a2)e−a2 ]− 1
a3
3

[1− (1 + a3)e−a3 ]

− 1
2a2

+
1

2a3

}
,

where a2 = 3µ(p0)/2πR2 and a3 = 3A < σtotπN > /2πR2.
We have taken into account in the calculation of the

K+ production cross section (90) from the two–step pro-
cesses (46)–(49) also the following medium effects9: the
influence of the respective optical potentials on the incom-
ing proton (denoted by V0), on produced in the reactions
(46), (47) nucleons (denoted by VN ) and (48), (49) hy-
perons (denoted by VY ). The high–energy pion potential
in a nuclear medium was set to zero [30–32, 35, 36]. In
this case, as it is easily seen, one has to make the follow-
ing substitutions in the formulas (7), (60), (68) and (71)
for the quantities s, pmaxπ (pt, E), sNN and sNNπ, respec-
tively, which are involved in the description of the pion
production processes (46), (47): E0 → E0 − V0 − 2VN ,
p0 → p

′
0, where p

′
0 is the in–medium momentum of the

initial proton (p
′
0

2
= p2

0−2mNV0−V 2
0 ). And in the formu-

las (96)–(98) for the quantities p±t (E′), s1(x, ϕ′, E′) and
x0 involved in the description of the kaon production pro-
cesses (48), (49) one has to replace the total pion energy
Eπ by Eπ − VY . Consider now the specific values of the
optical potentials V0, VN and VY used in our calculations.
According to [3, 5, 51], a proton impinging on a nucleus
at a bombarding energy of about ε0 ≈ 1 GeV feels in-
side the target nucleus the repulsive optical potential of
about V0 ≈ 40 MeV . We have used this value of potential

9 We have neglected the analogous medium effects in cal-
culating the K+ production cross section (3) in the one–step
processes (1), (2), since the contribution from them to these
processes is expected to be small in the subthreshold energy
region where the participating target nucleons, unlike of the
two–step production processes (46)–(49), need be far off–shell.
It is fairly obvious that in the above threshold energy region the
one–step kaon production processes (1), (2) are insensitive also
to these medium effects because of relatively weak dependence
of the corresponding elementary cross sections from energy in
this region. Nevertheless, it would be interesting to carry out
in the future a detail study of subthreshold kaon production in
the one–step processes (1), (2) that includes consistently the
medium effects under consideration
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V0 also at higher beam energies considered in the present
work. Further, since the integration of (90) is exhausted
within a relatively small range of pπ values below pmaxπ

at subthreshold incident energies, the relevant kinetic en-
ergy εN of each nucleon produced in the first interaction
together with a pion with momentum in this range can
be approximately estimated as: εN ≈ (ε0− εmaxπ −mπ)/2.
Using the results for the maximum kinetic energy εmaxπ

of a pion produced in the first pN collision, presented in
Fig. 4, we readily get that εN ≈ 0.1 GeV at beam ener-
gies of 1.0÷ 1.5 GeV . Such low–energy outgoing nucleons
feel in the interior of the nucleus the attractive optical
potential VN ≈ −(p2

F /2mN ) + εA [52], where pF is the
Fermi momentum and the quantity εA is defined above
(see, (22)). Taking into account that pF = 221 MeV/c
[13] and εA = −7.0 MeV [43] for C12 target nucleus,
we obtain that VN ≈ −33 MeV . In order to study the
sensitivity of the kaon production cross section from the
two–step processes (46)–(49) to the potential VN , we have
employed in our calculations also the value of −50 MeV
[53] for VN which is seen by nucleons near the top of the
Fermi sea. Since at proton energies up to 1.5 GeV hyper-
ons from secondary πN collisions have a larger weight and
due to kinematics are less energetic (their average kinetic
energies are ≈ 0.2÷ 0.3 GeV as it can be estimated from
the results presented in Fig. 4) than those from primary
pN collisions, it is naturally to use (see, also, [54]) for the
optical potentials VΛ and VΣ seen by the final low–energy
Λ and Σ hyperons the values of VΛ = −30 MeV [53, 55]
and VΣ = −26 MeV [55], obtained from the study of the
binding and decay of hypernuclei.

Now, let us discuss the results of our calculations in
the framework of approach outlined above.

2.2 Two–Step K+ production processes: results and
discussion

The results of our calculations by (90)–(100) for the double
differential cross sections for the production of K+ mesons
from secondary πN → K+Y channels at an angle of 400

in the interaction of protons with energies of 1.2, 1.5 and
2.5 GeV with C12 nuclei and the same experimental data
[8] as in Fig. 3 are given in Figs. 5–7. It is seen from the
Figures mentioned above that:

1) the two–step K+ production mechanism clearly dom-
inates at subthreshold beam energies considered here
only if we adopt the assumption about the influence
of the respective optical potentials on the two–step
production processes (46)–(49) and it is of minor im-
portance at 2.5 GeV proton beam energy at the lab-
oratory kaon momenta plab ≤ 1 GeV/c, whereas at
plab > 1 GeV/c the contributions from the two–step
and one–step kaon production processes are compara-
ble;

2) the difference between the calculations with allowance
for the influence of the corresponding optical potentials
on the two–step production processes (46)–(49) and
without it increases with decreasing incident energy;

Fig. 5. Double differential cross section for the production of
K+ mesons at an angle of 400 in the interaction of protons of
energy 1.2 GeV with C12 nuclei as a function of kaon momen-
tum. The experimental data: [8]. The curves, our calculations:
the long–dashed line, the dashed lines with one, two and three
dots are calculations by (90)–(100) for the secondary produc-
tion process (48) with V0 = 40 MeV [3, 5, 51], VN = −50 MeV
[53], VΛ = −30 MeV [53–55], respectively, for the use of un-
correlated part (i = j = 0), uncorrelated and correlated parts
(i = 0, j = 1), correlated and uncorrelated parts (i = 1, j = 0),
correlated part (i = j = 1) of the nucleon spectral function
in the calculation of momentum–energy–averaged differential
cross sections for pion and kaon production; the crosses are
calculations by (90)–(100) for the secondary production pro-
cess (49) with V0 = 40 MeV [3, 5, 51], VN = −50 MeV [53],
VΣ = −26 MeV [55] for the use of uncorrelated part of the
nucleon spectral function in the calculation of momentum–
energy–averaged differential cross sections for pion and kaon
production; the solid line is the sum of the above curves and
the results obtained by (3) for the one–step production chan-
nels (1), (2) (respective light solid line in Fig.3); the dotted and
short–dashed lines denote the same as the long–dashed line, but
it is supposed that V0 = 40 MeV , VN = −33 MeV (see text),
VΛ = −30 MeV and V0 = 0, VN = 0, VΛ = 0, respectively

3) the kaon yield is not very sensitive to the optical po-
tential VN that is seen inside the nucleus by nucle-
ons produced in the first interaction together with an
intermediate pion when this potential decreases from
VN = −33 MeV to VN = −50 MeV ;

4) the main contribution to the K+ production in the
two–step reaction channels (46)–(49) both at subthresh-
old and above the free NN threshold incident energies
considered here comes from the use only of the uncor-
related part P0(pt, E) of the nucleon spectral function
in the calculation of the corresponding momentum–
energy–averaged differential cross sections for pion and
kaon production;

5) the K+ production cross section in the two–step re-
action channels (46)–(49) coming from the use of the
uncorrelated and correlated parts of the nucleon spec-
tral function in the calculation of momentum–energy–
averaged differential cross sections for pion and kaon
production, respectively, is approximately the same as
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Fig. 6. The same as in Fig.5 but for 1.5 GeV beam energy

Fig. 7. The same as in Fig.5 but for 2.5 GeV beam energy

that obtained from the use of the correlated and un-
correlated parts of one in the analogous calculation;

6) the contribution to the K+ production in the same re-
action channels only from the correlated part P1(pt, E)
of the nucleon spectral function is an order of magni-
tude smaller than the contributions from the use of
the uncorrelated (correlated) and correlated (uncor-
related) parts of one in calculating the momentum–
energy–averaged differential cross sections for pion and
kaon production, respectively;

7) the contributions to the K+ production from the sec-
ondary reaction channels (48) and (49) with a Λ and
a Σ particles in the final states are comparable at
2.5 GeV beam energy, whereas at subthreshold en-
ergies the secondary production process (48) is more
important than the (49) one;

8) our full calculations (the sum of results obtained both
for the one–step (1), (2) and two–step (46)–(49) reac-
tion channels, solid lines) reproduce the experimental
data only if we take into account the influence of the
respective optical potentials on the two–step produc-
tion processes (46)–(49).

Finally, in Fig. 8 we show the comparison of the results
of our calculations by (90)–(100) for the total cross sec-
tions for K+ production in pC12 collisions from secondary

Fig. 8. The total cross section for K+ production in p+C12–
reactions as function of the laboratory energy of the proton.
The experimental data: [1]. The curves: calculations. The long–
dashed, dotted, dot–dashed and short–dashed lines are our cal-
culations by (90)–(100) for the secondary production process
(48) with the use of uncorrelated part of the nucleon spectral
function at V0 = 40 MeV , VN = −50 MeV , VΛ = −30 MeV ;
V0 = 40 MeV , VN = −33 MeV , VΛ = −30 MeV ; V0 = 0,
VN = 0, VΛ = −30 MeV and V0 = 0, VN = 0, VΛ = 0, respec-
tively. The dashed line with two dots is calculation by (3)–(8),
(13), (17) for the primary production processes pN → K+ΛN
with the use of the total nucleon spectral function. The solid
line is the calculation for the two–step reaction mechanism
within the spectral function approach [9]

πN → K+Λ channels with the use only of uncorrelated
part of the nucleon spectral function as well as the same
in–medium modifications of the corresponding quantities
involved in the description of a pion and hyperon produc-
tion as in above with the experimental data [1] and with
calculations for the two–step reaction mechanism within
the approach [9] with the total nucleon spectral function
taken from [27]. In this Figure we also show the total cross
sections for K+ production from primary pN → K+ΛN
channels calculated according to (3)–(8), (13), (17) with
the full nucleon spectral function. One can see that:

1) our model calculations with the set of parameters V0 =
40 MeV , VN = −33 MeV , VΛ = −30 MeV (dotted
line) that allows us to describe the existing experi-
mental data [8] on the double differential kaon pro-
duction cross sections reproduce also the measured [1]
total K+ production cross sections at proton energies
above about 900 MeV but underestimate the data at
lower bombarding energies, what indicates the need for
other reaction channels or multinucleon correlations
to explain these data close to the absolute production
threshold;

2) the results of our calculations of the kaon yield from
secondary πN → K+Λ channels without employing
the medium effects considered by us (short–dashed
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line) underestimate essentially the data [1] and are
larger only by a factor of 3–5 than those obtained for
the one–step production channels, the latter is in line
with our findings inferred above from the analysis of
the data on double differential kaon production cross
sections;

3) practically the same description of the data as our
one was obtained also within the spectral function ap-
proach [9] (solid line) for the two–step reaction mech-
anism with an intermediate pion with employing only
the repulsive impinging proton optical potential.

This can be probably attributed to the fact that dif-
ferent spectral functions have been used in the work pre-
sented here and in approach [9].

Taking into account the considered above, one may
conclude that the high momentum and high removal en-
ergy part of the nucleon spectral function which is gen-
erated by ground–state two–nucleon short–range correla-
tions apparently cannot be studied in the inclusive sub-
threshold and near threshold kaon production in pA reac-
tions. As it was shown in [38], the π++A→ K++X reac-
tion in the subthreshold regime seems to be quite promis-
ing for this aim.

3 Summary

In this paper we have calculated the total and differential
cross sections for K+ production from p + C12 reactions
in the near threshold and subthreshold energy regimes by
considering incoherent primary proton–nucleon and sec-
ondary pion–nucleon production processes within the frame-
work of an appropriate folding model, which takes prop-
erly into account the struck target nucleon momentum
and removal energy distribution. The comparison of the
results of our calculations with the existing experimental
data [1, 8] was made. It was found that the in–medium
modifications of the available for pion and kaon produc-
tion invariant energies squared due to the respective op-
tical potentials are needed to account for the experimen-
tal data both from Koptev et al. [1] and from the SAT-
URNE/GSI collaboration [8]. It was shown also that the
two–step K+ production mechanism clearly dominates at
subthreshold energies considered here only if we take into
account these modifications and it is of minor importance
at 2.5 GeV proton beam energy at the laboratory kaon
momenta plab ≤ 1 GeV/c, whereas in the region plab >
1 GeV/c, where the kaon spectrum from the one–step K+

production mechanism is entirely governed by the corre-
lated part of the nucleon spectral function, the contri-
butions from the two–step and one–step kaon production
processes are comparable. Our investigations indicate that
the main contribution to K+ production in the secondary
reaction channels comes from the use only of the uncor-
related part of the nucleon spectral function. Therefore,
inclusive subthreshold and near threshold kaon produc-
tion in pA collisions does not provide an information on
the high momentum components within target nucleus.

One of us (E.Ya.P.) was supported in part by Grant No.96–02–
19232 from the Russian Foundation for Fundamental Research.
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